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On the construction of a complete
Ka¨hler-Einstein metric with negative scalar
curvature near an isolated log-canonical
singularity
Hanlong Fang and Xin Fu
Abstract In this short note we are concerned with the Ka¨hler-Einstein metrics near
cone type log canonical singularities. By two different approaches, we construct a
complete Ka¨hler-Einstein metric with negative scalar curvature in a neighborhood of
the cone over a Calabi-Yau manifold, which provides a local model for the future study
of the global Ka¨hler-Einstein metrics on singular varieties. In the first approach, we
show that the singularity is uniformized by a complex ball and hence the induced
metric from the Bergman metric of the ball is a desired one. In the second approach,
we obtain a complete Ka¨hler-Einstein metric with negative curvature by using Calabi
Ansatz. At last, we show that these two metrics are indeed the same.
1 Introduction
Existence of Ka¨hler-Einstein metric has been the central topic in complex geometry
for decades. For the canonically polarized compact manifolds, the existence was es-
tablished by [1, 24]; Calabi-Yau case was solved by [24]. Also, recent results of [5, 22]
confirmed the Yau-Tian-Donaldson conjecture for smooth Fano manifolds. On the
other hand, it will be interesting to investigate the Ka¨hler-Einstein metrics on singu-
lar varieties. In [8, 9], Donaldson-Sun showed that the Gromov-Hausdorff limit of a
sequence of anti-canonically polarized Ka¨hler-Einstein manifold is a Q-Fano variety
with Klt singularities and the tangent cone of any point of the limit variety is unique.
Motivated by that, Li-Liu-Xu [19] formulated the stable degeneration conjecture for
any algebraic varieties with Klt singularities. Also, Hein-Sun [13] proved that for each
Calabi-Yau variety with isolated cone singularity, that is, the singularity is the cone
over a smooth Fano Einstein vareity, the global Ka¨hler-Einstein metric is asymptot-
ically the same as the local Ricci flat metric constructed by Calabi Ansatz. This
interesting result shows that among all local Ka¨hler-Einstein metric, the one comes
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from Calabi Ansatz is most stable and canonical. Actually, the K-stability condition
of the Fano Einstein manifolds is essentialy used in their proof. It is natural to ask
similar questions for algebraic varietyies with log canonical singularities both globally
and locally as follows:
Question 1.1. Given a log-canonical cone singularity, can we construct a complete
Ka¨hler-Einstein metric locally as a model metric? If it exits, how canonical and stable
it is compared to all the complete metrics induced from the global Ka¨hler-Einstein
metrics on compact algebraic varieties with such a singularity?
We note that the technique of constructing model metrics with good curvature
condition has been widely used in solving Monge-Ampe`re equations in various geo-
metric setting, for instance, Cheng-Yau’s [7] construction of complete Ka¨hler-Einstein
metric in strongly pseudoconvex domain, Koabayashi’s [15] construction of complete
Ka¨hler-Einstein metric for an ample pair KX +D > 0 (see also [23],[6]).
However, the construction of model metrics around singularities in Question 1.1
will be harder than the construction of model metrics for ample pairs in Koabayashi’s
setting. For if we take a log resolution of the singularity, the divisor KX + D is no
longer ample but only semi-positive. A geometric explanation of this fact is that we
do not only have the degeneration along the normal direction of divisor D, but also
the degeneration along the tangential direction of D. In complex dimension two, the
interesting work of Kobayashi [16] and Nakamura [20] classified two dimensional log
canonical singularity and showed that they are uniformized by bounded symmetric
domains equipped with invariant Bergman metrics. Recently Song [21] proves that for
a family of canonically polarized varieties, the negative Ka¨hler-Einstein metrics in the
nearby fibers converge in the Gromov-Hausdorff limit to a singular Ka¨hler-Einstein
metric on the central fiber which has complete ends towards the locus of Non-Klt
center. This indicates that it’s interesting to study local complete Ka¨hler-Einstein
metrics with negative scalar curvature near non-Klt log canonical singularities.
In this short note, we aim to construct model metrics for log-canonical cone sin-
gularities with a large symmetry in any dimension, which generalizes the work of
Kobayashi [16] in complex dimension two.
2 Singularities in algebraic geometry
Definition 2.1. Let X be a normal projective variety such that KX is a Q-Cartier
divisor. Let π : Y → X be a log resolution and {Ei}pi=1 the irreducible components of
the exceptional locus Exc(π) of π with a unique collection {ai} ⊂ Q such that
KY = π
∗KX +
p∑
i=1
aiEi.
Then X is said to have
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• log terminal singularities if ai > −1 for all i;
• log canonical singularities if ai ≥ −1 for all i.
Example 2.1. Let E be an elliptic curve and L a negative line bundle on E. Contract-
ing the zero section of L, we get a singular variety X with an isolated cone singularity.
Then the contraction map f : L → X is a resolution of X with zero section of L the
exception divisor which we still denote by E. Write
KY + E = f
∗KX + aE
for some constant a. Restricting the above formula to E and applying adjunction
formula, we have
KE = 0 + aE|E
Noticing that KE = 0, we get a = 0. Therefore X is log canonical by Definition 2.1.
In fact the isolated singularity of X is non-Klt log-canonical.
Example 2.2 (See page 96 in [17]). In general, for a smooth Calabi-Yau manifold M
and a negative line bundle L on M , we can get a log canonical cone singular variety
M̂ by contracting the zero section of L. Actually,
M̂ = SpecM
(⊕i=∞
i=0
H0(M,−Li)).
3 The construction of complete Ka¨hler-Einstein metrics
near cone singularities
3.1 The approach via the invariant Bergman metric
The uniformization of log canonical singularity by Ka¨hler-Einstein metric in complex
dimension two is due to Kobayashi [16], our construction below is a high dimensional
generalization.
Theorem 3.1. Let A be an abeliean variety with complex dimension n and N a neg-
ative line bundle on A. By contracting the zero section of N, one obtains a singular
variety X̂. Let (X̂, o) denote the germ of the isolated singularity of X̂. Then there is
an open neighborhood (in Euclidean topology) Û of o in X̂ such that U := Û\{o} is a
smooth quotient space of a unit complex ball Bn+1 by a discrete subgroup of Aut(Bn+1).
As a consequence, U has a negative Ka¨hler- Einstein metric induced from the Bergman
metric of the ball which is complete towards o.
Proof: Denote by f : N → X̂ the contraction map. For simplicity, we still denote
the zero section of N by A. Then f−1(o) = A.
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The idea of the proof is as follows. First, we will take the unit disc bundle over
A, sitting inside N , with respect to a certain Hermitian metric ρ on N ; take Û to be
the image of the disc bundle under the contraction map f . Next, we will show that
the universal cover of Û\A is a horoball of the complex unit ball. Furthermore, by
constructing the quotient map explicitly, we will prove that the deck transformations
of the universal cover are induced by the biholomorphisms of the complex unit ball.
Therefore, the Bergman metric of the unit ball descends to a metric on Û\A which is
complete towards A.
Now we will proceed to prove the theorem.
Following [12], we first define a Hermitian metric ρ on N explicitly as follows. Let
A = Cn/Γ := V/Γ and π : Cn → A is the covering map. Noticing that c1(N) is an
invariant integral form, negative of type (1,1), we choose a basis λ1, ..., λ2n for Γ over
Z such that in terms of dual coordinates x1, x2, · · · , x2n on V
c1(N) =
n∑
α=1
δαdxα ∧ dxn+α, δα ∈ Z.
Since c1(N) is non-degenerate, we can further take as our basis for the complex vector
space V the vectors
eα = δ
−1
α λα, α = 1, · · · , n.
The period matrix of Γ ⊂ V will then be of the form Ω = (∆δ, Z), where Z is a n× n
matrix and
∆δ =


δ1 0
·
·
·
0 δn

 .
We further write c1(N) in the matrix form as follows:
Q =
(
0 ∆δ
−∆δ 0
)
.
Noticing that c1(N) is a form of type (1, 1), we have Ω ·Q−1 · Ωt = 0, i.e,
(∆δ, Z)
(
0 ∆δ
−∆δ 0
)(
∆δ
Zt
)
= Z − Zt = 0,
which shows Z is symmetric. By the negativity of c1(N), we have−
√−1·Ω·Q−1δ ·Ω¯t < 0,
i.e.,
−√−1(∆δ, Z)
(
0 −∆−1δ
∆−1δ 0
)(
∆δ
Z¯t
)
= −√−1(Z − Z¯t) = 2ℑZ < 0.
Therefore Z = X −√−1Y , where X and Y are n× n real symmetric matrices and Y
is positive definite. e For later use, we will write the matrix form of c1(N) in terms of
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dzi ∧ d¯zj , i, j = 1, · · · , n . Here zi are the dual of ei. Notice that the period matrix is
Ω = (∆δ, Z) and
(λ1, · · · , λ2n)t = (e1, · · · , en)Ω,
(dz1, · · · , dzn, dz¯1, · · · , dz¯n) =
(
Ω
Ω¯
)
(dx1, · · · , dx2n)t.
By changing the basis from {dxi ∧ dxj} to {dzα ∧ dz¯β}, we have
c1(N) =
−√−1
2
n∑
α,β=1
Wαβdzα ∧ dz¯β ,
where W = (Wαβ) = Y
−1.
Since π∗N is a trivial line bundle on V , we have a global trivialization
φ : π∗N → V × C.
Now for z ∈ V and λ ∈ Γ, the fibers of π∗N at z and z + λ are by definition both
identified with the fiber of N at π(z), and comparing the trivialization φ at z and z+λ
yields an automorphism of by C:
C
φz←− (π∗N)z = Npi(z) = (π∗N)z+λ
φz+λ−−−→ C.
Such an automorphism is given as multiplication by a nonzero complex number. If
we denote this number by eλ(z), we obtain a collection of transition functions {eλ ∈
O∗(V )}λ∈Γ. The functions eλ necessarily satisfy the compatibility relation
eλ′(z + λ)eλ(z) = eλ(z + λ
′)eλ′(z) = eλ+λ′(z)
for all λ, λ′ ∈ Γ.
We choose a collection of transition functions associated to the line bundle N as
follows:
eλα(z) ≡ 1, eλn+α(z) ≡ e−2pii(zα−tα), α = 1, · · · , n,
where zα is the α-th component of z and tα is a constant. (Here tα is determined by
the line bundle.) For any local section θ˜ of N over U ⊂ A, θ = φ∗(π∗θ˜) is an analytic
function on π−1(U) satisfying
θ(z + λα) = θ(z), θ(z + λn+α) = e
−2pii(zα−tα)θ(z).
Then define the Hermitian metric || || on N as
||θ˜(z)||2 = h(z)|θ(z)|2, where h(z) = e(−pi/2)
∑
Wαβ(zα−z¯α+iYαα−tα+t¯α)(zβ−z¯β+iYββ−tβ+t¯β).
It is easy to verify that ||θ˜(z + λ)|| = ||θ˜(z)|| for all λ ∈ Γ. Hence || || is a well defined
metric on N , which we denote by ρ.
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Define Dk := {w ∈ N ; 0 < ρ(w,w) < e−k},Wk := {(w, z) ∈ C×Cn |0 < |w|2h(z) <
e−k} and Hk := {(u, z) ∈ C × Cn | − ℑu − pi2
∑
Wαβ(zα − z¯α + iYαα − tα + t¯α)(zβ −
z¯β + iYββ − tβ + t¯β) < −k}. We have the following commutative diagram:
Hk expk−−−→ Wk pik−→ Dkyi1 yi2 yi3
Cn+1
exp−−→ Cn+1 pi−→ N
. (3.1)
Here i1, i2, i3 are natural injections; exp : C
n+1 → Cn+1 is defined by (u, z) 7→ (e i2u, z);
expk and πk are the restrictions of exp and π respectively. We will show Hk is bi-
holomorphic to a horoball, hence it is the universal cover of Dk. Notice that the deck
transformations group of Hk pik◦expk−−−−−→ Dk can be presented as a subgroup of the matrix
group as follows:



1 −4πm1 · · · −4πmn 2π
∑
mαZαα − 2π
∑
Zαβmαmβ + 4pπ
0 1 · · · 0 δ1l1 + Z1αmα
· · · · · · · · · · · · · · ·
0 0 1 · · · δnln + Znαmα
0 0 · · · 0 1

 ;mα, lα, p ∈ Z


.
Here Ω = (∆δ, Z); Zαβ and δα are entries of ∆δ and Z respectively. Moreover, the
action of an element of the group on Cn+1 can be presented as matrix multiplications
as follows:

u′
z′1 − t1
·
·
z′n − tn
1


=


1 −4πm1 · · · −4πmn 2π
∑
mαZαα − 2π
∑
Zαβmαmβ + 4kπ
0 1 · · · 0 δ1l1 +
∑
Z1αmα
· · · · · · · · · · · · · · ·
0 0 1 · · · δnln +
∑
Znαmα
0 0 · · · 0 1




u
z1 − t1
·
·
zn − tn
1


Notice that this action preserves |w|2h(z), or equivalently, leaves invariant the
following function:
−ℑu+ (−π/2)
∑
Wαβ(zα − z¯α + iYαα − tα + t¯α)(zβ − z¯β + iYββ − tβ + t¯β);
Hence this action extends to a biholomorphism for each Hk, k ∈ R.
On the other hand, since W is positive definite, there is an n × n matrix V such
that W = V V¯ t. Then we can perform coordinates change of Cn+1 as follows:
u˜ = u+ iπWαβzαzβ +
π
2
Wαβ(iYαα − tα + t¯α)(iYββ − tβ + t¯β) + 2πi
∑
Wαβzα(iYββ − tβ + t¯β),
z˜α =
∑
Vαβzβ , α = 1, 2, · · · , n.
(3.2)
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Under this coordinates change, the domain Hk = {(u, z)| − ℑu+ (−π/2)
∑
Wαβ(zα −
z¯α + iYαα − tα + t¯α)(zβ − z¯β + iYββ − tβ + t¯β) < −k} is mapped to the domain
{(u˜, z˜)|ℑu˜ −∑ni=1 |z˜|2 > k} biholomorphically. Particularly, when k = 0, the latter
one is the Heisenberg model of the unit ball in Cn+1.
Since Bergman metric is invariant under automorphism group actions, the Bergman
metric on the ball H0 descends to D0 and its restrictions on Hk, k > 0 descend to Dk.
Moreover, since the zero section of N corresponds to the infinite boundary point of
H0, that is, ℑu = +∞, we further conclude that the metric on Dk is complete towards
A. Take U to be Dk for certain k > 0, we conclude Theorem 3.1.
For the future investigation, we will construct a system of quasi-coordinates of
(U , g) in the following, where g is the metric constructed in Theorem 3.1. Firstly, we
recall the following definition of quasi-coordinates according to [7] and [15].
Definition 3.1. Let V be a domain in Cm. Let X be an m-dimensional complex
manifold and φ a holomorphic map of V into X. φ is called a quasi-coordinate map if
φ is of maximal rank everywhere. In this case, (V, φ) is called a quasi-coordinate of X.
Adapting to our case, we further make the following definition.
Definition 3.2. Let U = Û\{o} as above. Assume g is a complete Ka¨hler metric on
U towards o. Then a system of quasi-coordinates of (U , g) is a set of quasi-coordinates
Γ = {(Vα, φα, (v1α, v2α · · · , vn+1α ))} of U with the following properties:
(a) U = ⋃α(Image of Vα);
(b) The complement of a certain open neighborhood U ⊂ U of the infinity point o
is covered by a finite number of quasi coordinates which are coordinate charts in
the usual sense;
(c) For each point x ∈ U , there is a quasi-coordinate Vβ and x˜ ∈ Vβ, such that
φβ(x˜) = x and dist(x˜, ∂Vβ) ≥ ǫ1 in the Euclidean sense, where ǫ1 is constant
independent of β;
(d) There are positive constant c and Ak, k = 1, 2, · · · , independent of α, such that
for each quasi coordinate (Vα, φα, (v
1
α, v
2
α · · · , vn+1α )), the following inequalities
hold:
c−1(δij¯) ≤ (gαij¯) ≤ c(δij¯)
| ∂
p+q
∂vpαv¯
q
α
gαij¯ | < Ap+q,∀p, q,
where (gαij¯) denote the metric tensor with respect to (Vα, φα, (v
1
α, v
2
α · · · , vn+1α )).
Lemma 3.1. (U , g) has a system of quasi-coordinates.
7
Proof: Without loss of generality, we can assume that U = D1. Take for H0 the
coordinates (u˜, z˜1, · · · , z˜n) as constructed in formula (3.2).
For the later use, we introduce some special biholomorphisms. Denote by ι the
following biholomorphic map
Hk → Hk
u˜ 7→ u˜+ 4π, z˜ 7→ z˜ .
Denote by τa, a > 0, the biholomorphic map of H0 as follows:
H0 →H0
τa : u˜ 7→ a−2u˜, z˜ 7→ a−1z˜ .
Take a fundamental domain F of V/Γ such that it is a bounded convex polytope
containing the origin of V . Define the following bounded domains contained in H0 ⊂
Cn+1 as
T := {(u˜, z˜)|1 < ℑu˜−
n∑
i=1
|z˜|2 < 4, 0 < ℜu˜ < 8π, z˜ ∈ 3F},
T ′ := {(u˜, z˜)|2 < ℑu˜−
n∑
i=1
|z˜|2 < 3, 0 < ℜu˜ < 4π, z˜ ∈ 2F}.
Here we denote by mF , m > 0, the set {(ma1, · · · ,man)
∣∣(a1, · · · , an) ∈ F}. It is easy
to see that T ′ ⊂ T and dist(∂T, ∂T ′) > ǫ > 0.
Claim: For each point q ∈ D2, there is a point Q ∈ T ′, an integer m, a real number
a > 1 and an element γ of Γ such that (exp1 ◦π1 ◦ τa ◦ γ ◦ lm)(Q) = q.
Proof of the claim: Take a preimage Q of q in H2. Then there is an integer m
such that 0 < ℜ(u˜(lm(Q))) < 4π, where u˜(lm(Q)) is the u˜ coordinates of the point
lm(Q). Next, there is an element γ of the lattice Γ such that the z˜ coordinates of
(γ ◦ lm)(Q) is contained in 2F . At last, there is a real number a > 1 such that
2 < ℑu˜((τa ◦ γ ◦ lm)(Q)) −
∑n
i=1 |z˜((τa ◦ γ ◦ lm)(Q))|2 < 3. Since F is convex and
a > 1, the z˜ coordinates of (τa ◦ γ ◦ lm)(Q) is still contained in 2F . We complete the
proof of the claim.
Next, we define our system of quasi-coordinates of (U , g)as follows:
1. for each point q ∈ D2, take Vq to be T ′ ⊂ Cn+1;
2. take coordinates (v1q , v
2
q · · · , vn+1q ) to be the coordinates (z˜1, · · · , z˜n, u˜) of H1 ⊂
Cn+1;
3. take φq to be the restriction of the map expk ◦πk ◦ l−mq ◦ γ−1q ◦ τ−1aq to T ′, where
the maps τaq , γq and l
mq are the those constructed in the claim associated with
q.
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It is clear that properties (a), (b) in Definition 3.2 is satisfied by our system. Because
the curvature of Bergman metric is bounded, the curvature property (d) holds as well.
Take U to be D2, it is clear that the property (c) is also satisfied by our system.
Therefore, we complete the proof of Lemma 3.1 .
Remark 3.1. If we compactify the example in (2.2), we get a compact singular variety
X̂
′
with an isolated cone singularity. According to [15, 25], we can construct a global
complete Ka¨hler-Einstein metric on X̂
′
by solving the corresponding Monge-Ampe`re
equation.
3.2 The approach via Calabi Ansatz
Theorem 3.2. Let M be a Calabi-Yau manifold with complex dimension n and M̂ the
total space of a negative line bundle L on M. By contracting the zero section of L, one
obtains a singular variety X̂. Let (X̂, o) denote the germ of the isolated singularity of
X̂. Then there is an open neighborhood (in Euclidean topology) Û of o in X̂ such that
U := Û\{o} carrys a negative complete Ka¨hler- Einstein metric.
Proof: Since C1(L) < 0, by Yau’s theorem, there is a Ricci flat metric ωM in class
−C1(L). Choose a Hermitian metric h on L such that Rich = −ωM . Let r be the
distance function on the line bundle; locally r = (a(z)|η|2) where z = (z1, · · · , zn) are
coordinates on M , η is the coordinate on L and a(z) is the negative hermitian metric
on L.
Next we will proceed by using a Calabi Ansatz type argument. Suppose that the
potential metric can be written as ω = ωM +
√−1∂∂ρ(r), where ρ is a one variable
function to be determined.
In local coordinates ω is expressed as
ω = (1 + ρrr)ωM + a(ρr + ρrraη¯η)∇η ∧ ∇¯η,
where ∇η = dη + a−1∂aη. Note that dzi,∇η are dual to the basis consisting of
horizontal and vertical vectors
∇zi =
∂
∂zi
− a−1 ∂a
∂zi
η
∂
∂η
and
∂
∂η
.
Notice that ω is positive if and only if
1 + ρrr > 0, ρr > 0, ρrrr + ρr > 0.
Calculation yields that
detω = (1 + rρ(r))nωnMa(ρrrr + ρr)dη ∧ dη¯.
Hence the Ka¨hler-Einstein equation Ricω = −ω reads as
−√−1∂∂ log detω = −√−1∂∂ log(1 + rρ)n(ρrrr + ρr)−
√−1∂∂ log ωnM −
√−1∂∂ log a
= −ωM −
√−1∂∂ρ.
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Simplifying it, we get
√−1∂∂ log(1 + rρ)n(ρrrr + ρr) =
√−1∂∂ρ.
In order to derive a solution, it suffices to solve the following ODE
(1 + rρ)n(ρrrr + ρr) = e
ρ. (3.3)
Now let us make a change of variables by setting s = log r. Noticing the fact that
rρr = ρs and (ρrrr + ρr) = (ρrr)r = (ρs)r =
ρss
es
,
we have that the equation (3.3) is equivalent to
(1 + ρs)
nρss = e
ρ+s.
Differentiating both sides, we get
n(1 + ρs)
n−1ρ2ss + (1 + ρs)
nρsss = e
ρ+s(ρs + 1) = ρss(1 + ρs)
n+1.
Defining f := ρs + 1, we have
nfs
f
+
fss
fs
= f.
Since fs > 0, we can solve s as function of f by inverse function theorem. Letting
s = Φ(f) and denoting fs(Φ(f)) by g(f) , we transform the above ODE into the
following form:
ng
f
+ gf = f,
which implies that
(gfn)′ = fn+1.
Solving it, we have
fs = g(f) =
f2
n+ 2
+
C
fn
Letting C = 0, we have
ρs = f + 1 = −n+ 2
s
− 1.
Therefore ρ = −(n + 2) ln |s| − s is a solution. Since we are consider a neighborhood
of the vertex, s = log r is negative here. As a conclusion, we derive the desired metric
ω = ωM +
√−1∂∂(log log |r|−(n+2) − log r) = √−1∂∂ log log |r|−(n+2).
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Remark 3.2. The following computation shows that if the Calabi-Yau metric ωM in
class −C1(L) is not flat, the curvature of metric ω will blow up. Firstly we have that
ωM =
√−1∂∂ log a = azz¯
a
− |az|
2
a2
dz ∧ dz¯.
Calculation yields that
ω = (
−3
log r
(
azz¯
a
− |az|
2
a2
) +
3
(log r)2
|az|2
a2
)dz ∧ dz¯ + 3az¯ η¯
r(log r)2
dη ∧ dz¯
+
3azη
r(log r)2
dz ∧ dη¯ + 3a
r(log r)2
dη ∧ dη¯.
Notice that in the z-direction the leading term of the metric is −3log r (
azz¯
a − |az |
2
a2
)dz ∧ dz¯,
hence in most cases (when ωM is not very special) the curvature will blow up in the
rate of | log r| if (azz¯a − |az |
2
a2
) is not a very simple function.
Remark 3.3. The metric ω constructed above seems similar to the Carlson-Griffiths
metric used for instance in [6], but there are two differences: Firstly, our metric degen-
erates also along the tangential direction ofM while Carlson-Griffiths doesn’t; secondly,
our potential log |r|−(n+2) itself is a plurisubharmonic function locally while the one in
Carlson-Griffiths is not.
At last, we prove the following proposition.
Proposition 3.1. The metric constructed in Theorem 3.1 coincides the metric con-
structed in Theorem 3.2.
Proof: Note that the metric in Theorem 3.1 is actually
√−1∂∂ log | log(|w|2h(z))|,
where z = (z1, · · · , zn) are the coordinates on the abeliean variety and w is the coordi-
nate on the line bundle. Hence |w|2h(z) is the distance function. On the other hand,
the metric in Theorem 3.2 takes the form of
√−1∂∂ log log |r|−(n+2),
where r is the distance function. This finishes the proof.
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